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Abstract. We consider a generalization of the Riesz operator in R'^ and obtain estimates 
for its norm and for related capacities via the modified Wolff potential. These estimates 
are based on the certain version of Tl theorem for Calderon-Zygmund operators in metric 
spaces. We extend two versions of Calderon-Zygmund capacities in R'^ to metric spaces 
and establish their equivalence (under certain conditions). As an application, we extend 
the known relations between s-Riesz capacities, < s < d, and the capacities in Nonlinear 
Potential Theory, to the case s — Q. 



1. Introduction 

For e > 0, s > 0, and for a finite Borel measure on M'^, d > 1, define the e-truncated 
s-Riesz transform of by the equality 



\y—x\>e \y "^l 



For < s < d the limit 



exists almost everywhere in M*^ with respect to Lebesgue measure; this limit is said to be the 
s-Riesz transform of /i at x. Analogously, we define the e-truncated s-Riesz operator 

KJix) = [ fiy) My), f^L\f,), e>o. 

Then for every e > 0, the operator is bounded on L'^{fi). We set 

l^^l :=sup||9^^,,|U2(^)^i2(^). 

£>0 

It is known (see [15], [8], and [4]) that for < s < 1 

%,eXQ\'dfx^ f W^^dfX, (1.1) 
Q JQ 

where Q is a cube in with sides parallel to the coordinate axes, and is the acclaimed 
Wolff potential from Nonlinear Potential Theory; see [5] and [1]: 

f l^{B{x,t))Y dt 



Wf'ix) 







The symbol ~ in (11 .ip means that the ratio is bounded above and below by positive constants 
that depend only on s and d. In the language of [1] , corresponds to the case = 2 or 
p = 3/2 and s = N — a^; see page 110 of [1]. The right side of (II .ip is consequently called the 
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Wolff energy. Tlie upper bound in (11. ip holds for all s G (0, d) [4]; the lower bound appears 
in [15] - though only for < s < 1. The latter is not correct when s = 0,1, ... ,d. The 
important question about the validity of the lower bound for non- integer s G {l,d) remains 
open. 

Relation (II. ip plays a key role in the uniform boundedness of O^^^: (II. ip holding for 
all cubes Q and the non-homogeneous Tl theorem by Nazarov-Treil-Volberg [11], [13], [14] 
implies that < C supp^f^^^pp^W^^x) (see [4, Theorem 2.6]). Also, exploiting the con- 

nection with Non-Linear Potential Theory, this estimate implies that 

7s,+(i?)>c-C|(,_,)j(E) (1.2) 

for any compact set E G , < s < d [4], and 

7s.+(i?)<c'-C'|(,_,),|(i?) (1.3) 

whenever < s < 1 [8]. Here Ca,p{-) is the Riesz capacity of order a and degree p from [1]: 

Qp(E) = sup ( ,, , UX) = -r^, -7 + - = 1, 

p.£M+{E) \\\J-a* h^Wp' J \X\ p p 

where 1 < p < oo, < ap < d, || ■ is the L^'-norm with respect to the Lebesque measure 
in W^, and Ad^a is the certain constant depending on d and a; furthermore, 

7.,+ (^) := sup{||^|| : G M+{E), ||i?^(x)[|oo < 1}, 

where M+(i?) is the class of positive Radon measures supported on E. The study of these 
set functions has accelerated recently with the breakthrough results of X. Tolsa and others. 
In particular, Tolsa proved that 7i,+ (-) is comparable with the analytic capacity when d = 2. 

Clearly, (Jq, * /i)(a;) ~ \\fi\\ ■ Ixl"'^'^ for a finite measure n with compact support and for 
sufficiently big |a;|. If ap = d, then p' = d/{d — a), and we see that la * ^ . Because 
the case ap = d will be important, we consider the standard Bessel capacity instead of the 
Riesz one, defined in the similar way: 

Ca,piE) = sup f ii^^^^^i ) , l<p<oo, i + - = l, 

where Ga is the Bessel kernel. We refer to [1], p. 9-13, for definitions and properties of the 
Bessel kernel and Bessel potentials. It is important to note that Ga{x) ~ /^(x) as — )■ 0, 
< a < d, and Ga{x) = 0(e"'^l''l) as |x| -)■ cx), a > 0, < c < 1. Thus, Ca,piE) ^ Ca,piE) 
for compact sets E with diam(£') < 1 and for 1 < p < oo, < ap < d. 

Inequality (II. 3p does not hold, in general, for integer s G {0,d]. Indeeed, a closed s- 
dimensional ball is an example of a compact set with positive 7s^+-capacity and zero C*2(.^_^j 3- 
capacity. For s = 0, (II. 3p also does not hold. Notice that 7o,+(-E) > 1 for every set E in M*^, 
but C*!^ |(-B(0, r)) — )■ as r — )■ 0; here B{x,r) := {y E : \y — x\ < r}. The vahdity of 
(II. 3p for non-integer s G (0, d) is an open question; essentially it is equivalent to the problem 
about the lower bound in (II. ip . 

This note is inspired by the following question: is there a natural analog of the capacity 
7s, + which is equivalent to C 2(^^-3) ^ when s is an integer? The particular interest is the 
case s = 0. To be more precise, we generalize the notion of 7.;,+ in the following way. Let 
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(p{t) be a continuous increasing function of i > with ip{0) — 0. We define the £-truncated 
(/^-operator and the (/^-transform by the equahties 

We assume that the hmit exists almost everywhere in with respect to Lebesgue measure. 
As above we set 

:= sup||fH^ ||L2(^)^i2(^). 

e>0 

The Wolff potential of a Borel measure /i is defined by the formula 



^^^""^ Jo V fit) J fit) 

When (p{t) = t^, we write i?^^^ instead of i?^^^, etc. 

Let be the class of nonnegative Borel measures fj, in IR*^ such that 

niB{x, r)) < (p{r) for all x e R'' and r > 0. (1.4) 

We introduce the capacity 7^ + of a compact set E in M.^ in the similar way, namely 

J,p,+ iE) := sup{||/i|| : /i e S^, supp/x C E, ||i?^(x)||oo < !}• 

The condition /i G in this definition is superfiuous for (f{t) = t*. Namely, it is shown 
in [8], p. 217, that if ||i?^(a;)||oo < 1, < s < d, then n{B{x,r)) < Cr', x eR'^, r > 0, for 
every measure e M+{E). For s — d — 1, this fact is also noted in [17], p. 46. We do not 
know if the condition e E,^ can be droped for any (p. 

Now we can formulate our question as follows. Given integer s e [0,c?], is it possible to 
find If for which 

7^,+ (i5)«C|(,_,),3(E) (1.5) 

for all (or at least for sufficiently small) compact sets E C M'^? With this end in view we 
extend some results of [4] to the class of Calderon-Zygmund (CZ) operators on separable 
metric spaces. As an application, we obtain an extension of results in [8] and [4] to the 
class of concave and convex functions (p satisfying the doubling condition. In particular, we 
derive the theorem on the comparison of the capacity + and ip-WolS potentials. These 
generalizations are, we believe, of independent interest. As a corollary, we give an affirmative 
answer the question posed above, for s = 0, and indicate the corresponding function ip. 
Namely, we prove that ■jy,^+{E) fa C2^ 3{E) for every compact set E with diam(i?) < 1, if <^ 

is a concave increasing function on the interval (0, 00) such that (p{t) = (foit) = (log j)~^/^ 
asO <t < e~^/^, and (p{2t) < 2^(p{t), <t < 00, with some s e (0, 1). 

We conjecture that for positive integers s the answer is negative. 

By c, C we denote various positive constants. 



2. Main results 



We start with introducing of the class of functions (p. 
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Definition. By $ we denote the class of functions ip{t), t >0, with the following properties. 

(I) ip{0) = 0, {p(t) is increasing and differentiable as t > 0; 

(II) (pit) oo as t oo; 

(III) (p'{t), t > 0, is monotonic (that is (p{t) is either convex or concave); 

(IV) (p{t) satisfies the doubling condition 

(p{2t) < 2^ip(t) for all t>0 and for some s > depending on ip. (2-1) 
Our main result is the following generalization of Theorem 2.7 in [4]. 
Theorem 2.1. (i) Let G $. For any compact set E C M.'^, 



> c sup ll/i 



1 3/2 



-1/2 



(2.2) 



(a) Suppose that ip E ^, p is concave, and s G (0,1), where s is the exponent in f l2.ip . 
Then 

-1/2 



< C sup ll/i 



1 3/2 



W^{x)d^i{x) 



(2.3) 



where the supremum is taken over all positive Radon measures supported by E, and the 
constants c,C depend only on d, p>. 

Corollary 2.2. Let a function (p e ^ be such that (p{t) = (log j)~^/^, < t < e~^/^, (p is 
concave, and s G (0, 1). Then 

j^,4E)^C.,-s{E) (2.4) 
for every compact set E with diam{E) < 1. 

Theorem 12.11 can be viewed as application of the following results. The next theorem is a 
generalization of (11.11) . 

Theorem 2.3. (i) Let (/? G and let fi be a positive Borel measure (not nesessarily satisfying 
(ll.4p ). Then for every measurable set Q in R'^ we have 



\^^^,,,XQ{x)\'dfi{x) < C / W^\Q{x)dfi{x), e > 0, (2.5) 

JQ 

where C depends only on s. 

(a) Moreover, if ^{B{x,t)) as t 0, x E M'^, and if ip E ^, ip is concave, and 
s G (0, 1), then 

liminf / \m^l{x)\'^dfx{x)>c[ Vr^(x)rf/x(x), = 0(3). (2.6) 

Both sides of (12. 6 p might be infinite. 

We need the notion of Calderon-Zygmund (CZ) kernel. 

Definition. Let X be a metric space. A function K : X x X ^ C is said to be a CZ kernel 
if for some A > and 6 G (0, 1] it satisfies the following two conditions: 



\K{a:,y) - K(x',y)\, |A'(a.i) - A'(a.i')l < (2-8) 



SINGULAR OPERATORS WITH ANTISYMMETRIC KERNELS 



5 



whenever x^x' E X and dist(x, x') < | dist(x, y). 

To derive from Theorem 12.31 estimates for norms of the operators iHJ^^, £ > 0, we need 
a certain version of Tl theorem. Our kernel r-^\ —pr- — rr is not a CZ kernel in with 

\y-x\ ^{\y-x\) 

the Euclidean distance consistent with the condition fj,{B{x,r)) < r**, and we can not use 
[12], [13]. However one can obtain the desired theorem verifying that arguments in [4] 
and [12] work not only for the Riesz kernel but for our generalized kernel as well. Professor 
F. Nazarov suggested another approach. He observed that the set M*^ endowed with the 
distance dist(x, = ipil^ ~ vl) defined below, is a metric space, and our kernel is a CZ 
kernel in this space (see Lemma [3^ . Here ip(r) = inf (^{riY^^, were the infimum is taken 
over all finite sequences {rj}, rj > 0, such that = r. We are grateful to Fedor Nazarov 

for this suggestion and for the permission to use it in our paper. 

Realizing this idea, we obtain the first part of Theorem 12.31 as a particular case of the 
more general result - Theorem 13.11 Then we prove the following (weakened) version of Tl 
theorem for CZ operators in metric spaces. As before, we denote by the class of finite 
nonnegative Borel measures 77 in a metric space X such that ri{B{x,r)) < r*, x G A", r > 0, 
were B{x,r) = {y E X : dist{x,y) < r}. 

Theorem 2.4. Let X be a separable metric space and let 77 G S^. Set 

Kefi^)= I Kix,y)f{y)dr^{y), 

JX\B{x,e) 

where K{x, y) is a CZ kernel with the same parameter s in (12. 8p . Suppose that 

WKeXQWhi.m < CviQ), C = CiA,s,5), (2.9) 

for every measurable set Q. Then the operators 9^^^ are uniformly bounded with respect to 
e, that is 

< C", C = C\A, s, 5). (2.10) 

In the spaces of homogeneous type, an even the better result is known. In particular, one 
may assume (12. 9p only for cubes or balls. It is the famous Tl theorem of David- Journe (see [3] 
for the Euclidean setting and [2] for homogeneous setting). The nonhomogeneous setting was 
treated by Nazarov, Treil and Volberg in [11] and [13], but only for the Euclidean case. More 
general kernels in M.'^ were considered in [7], and we might use this result to prove Theorem 
12.11 But we prefer another approach based on Theorem 12. 4[ In spite of the references to [4] 
and [12] in our proof of Theorem 12. 4^ we believe that this proof is still shorter than the proof 
in [7]. Unlike the result in [7], our Theorem 12.41 covers far more than the Euclidean case. 
Note that Theorem 12.41 and Theorem 2.1 in [7] do not imply each other. 

In the sequel we assume that K antisymmetric, that is K{x,y) = —K{y,x). 

Using Theorem 12. 4[ we obtain a generalization of Theorem 2.6 in [4]. 

Theorem 2.5. (i) Let n be a Borel measure in a separable metric space X, and let K{x,y) 
be an antisymmetric CZ kernel. Then 

|2 < C sup W,^{x), W,^{x) = [ 

where C depends only on the parameters A, s, 5 of a kernel K{x, y). 



fi{B{x,r)) 



dr 
r 



(2.11) 
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(ii) On the other hand, if fi{B{x,t)) — > as t — )■ 0, x G M.^, and if ip E ^, ip is concave, 
and s G (0, 1), then 

\^^,\' > A / W^{x) df^ix), c = c{s). (2.12) 
IIpII JR-i 

We remark that the Wolff potential in general metric spaces has the same form as in 
the Euclidean space. The preceding results allow us to estimate the so-called operational 
capacity ■jK,op and the capacity 'Jk,* defined by the equahties 

lK,op{E) := snp{M : /i G S„ supp/i C E, \^^\ < 1}, (2.13) 

^kAE) ■■= sup{||/i|| : /i G S„ supp/i C E, 9^J,l(x) < 1, x G X}, (2.14) 

where 9^^^1(a;) := sup^^Q |9^^£l(x)|. In the case X = R'^ with the distance dist(x,y) = 
^(b - x\), and 

K{x,y) = K^{x,y) ^ ^ 



\y - x\ <^{\y - x|)' 

we write (p instead of K: 'jip^op and so on. The theorems below establish connections between 
these capacities. 

Following [6] we say that a metric space is geometrically doubling if every open ball B{x, r) 
can be covered by at most balls of radius r/2, where < oo is independent of x,r. 

Theorem 2.6. Let X be a compact Hausdorff geometrically doubling metric space, and let 
K be an antisymmetric CZ kernel. Then for every bounded closed set E <Z X , 

lK,op{E) ^ IkAE), (2.15) 
where the constants of comparison depend only on the parameters of K and on N. 

The related result in M°' for ip{t) = was obtained by Volberg [17, Chapter 5]. 
Theorem 2.7. Suppose that G $, and there is A = A{ip) > for which 

'"'t'^'^dt r'^ ^ ^ 

<A— r>0. (2.16) 



/o ^{t) </'W 
Then 

l^AE) < l^AE) < C^^AE) (2.17) 
with C depending only on s and A. 

For example, if (p{t) = t^, then fl2.16p means that s < d. A certain relation between ip and 
d is natural, because in the case liminft_j,o t~'^v'(t) = 0, the class consists of only zero 
measure. 

We prove Theorem 12.31 in Section 3, and Theorems 12. 4[ 12.51 in Section 4. Theorems 12. 6[ 
12.71 are proved in Section 5. The concluding Section 6 contains proofs of Theorem 12.11 and 
of Corollary O 

3. Proof of Theorem 12.31 and related results 

Theorem 3.1. Let fi be a positive Borel measure in a metric space X, and let K{x,y) be 
an antisymmetric CZ kernel. Then for every measurable set Q in X we have 

[ \^^,eXQix)\'di,ix)<C [ W,^\'^{x)d^{x), e>0, (3.1) 

JQ Jq 
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where the Wolff potential is defined in f l2.1ip . and C depends only on the parameters A,s,6 
of a kernel K{x, y) . 

Proof. Our arguments are similar to those in the proof of Theorem 2.6 in [4], but there are 
essential differences as well. For estimation of the right hand side of (13. ip the measure on 
X\Q is unessential. Thus, we may assume that is concentrated on Q, and write instead 
ix\Q. Also without loss of generality we may assume that 



(3.2) 



POD 


'lJ,{B{x,r)y 


^ dr 


Jo 




r 



Otherwise (13.11) becomes trivial. 

Let e > and a measurable set Q be given. We set 



u 


= {{x,y,z) 


eQ' 


dist(x, y) > e, dist(x 


,z) > e}, 








= {{.x,y,z) 


eQ'' 


dist(x, ?/) > dist{x,z] 


> e}, 








= {{x,y,z) 


eQ'' 


e < dist(x, y) < dist( 


x,z)}, 








= {{x,y,z) 


eQ' 


dist(x, ?/) > (\\st{x,z] 


> e, dist(?/, z) 


> dist(x, 


^)} 




= {{x,y,z) 


eQ' 


dist(x, y) > dist(x, 2;^ 


> e, dist(?/, z) 


< dist(x, 





Then 




K{x, y)K{x, z) djji^z) d^{y) dji{x) 



u 





+ 111 =:h + h. 

Estimates for Ji, I2 are analogous. It is enough to estimate Ji. We have 



\h\ < 
+ 




K{x, y)K{x, z) dfi{z) dfi{y) dfi{x] 




K{x, y)K{x, z) dfi{z) dfi{y) dfi{x] 



IlA + /l,2. 



We put the absolute value in Ji^2 inside the integral. Since dist(x,2;) > |dist(x,y) in /i^2, 
(12. 7p yields the estimate 



/l,2 < 




2^2 



■ /x(i3(x, dist(x, y))) dfj,{y) dfi{x) 



dist(a;,i/)>0 dist{x,y)^- 
° 1 

— n{B{x, r)) dfi{B{x, r)) dfi{x) 




Q JO 



2^2 




00 



(3.3) 



KB{x,r)f 



dfi{x). 



From (13. 2p one can easily deduce that 



fi{B{x,r)) fi{B{x,r)) 
lim ■ = 0, lim = 0, /i-a. e. 



r— )-0 r 



(3.4) 
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Integrating by parts in the last integral of (13. 3p we get 



s a2 



h 2 < s2'A 



p poo 


'/i(i3(x,r))" 


Jq Jo 





dr 



dfi{x) = s2'A^ / W,^^^{x)dfi{x). 



Q 



Let us estimate Ii i. By the symmetry of Wi^i with respect to z,x we have 
1 



< 




{K{x, y)K{x, z) + K[z, y)K{z, x)) dfi{z) dfi{y) dfi{x) 




\K{x, z) I ■ \K{x, y) - K{z, y) \ dfi{z) dfi{y) dfi{x) 



(recall that K{x,y) is antisymmetric). If dist(a;,2;) < |dist(x,?/), then from (12. 7p . (12. 8p we 
deduce 

\Kix,z)\ ■ \K{x,y) - K{z,y)\ < ^ ^ , ■ 'I'^'^^^^'l^ll = ^- , ' , 

' ^ ' ^' ' ^ '^^ ^ - dist(x,z)^ dist{x, yy+^ dist(x, ?/)^+Mist(x, 

If dist(x, z) > |dist(x, y), then we derive the analogous estimate directly from (12. 7p with 
another constant C = C{s) instead of A^. Hence, 

1 



< c 

< C 

< c 




^ dist(x, 7/)^+'^ dist(x, 2) 




dist{x,y)>£ 



^ dfi{z) diJ,(y) dn{x) 



dist(x, y) 



s+5 



dist(x,y) 



dfi{B{x, t)) 



d^{y) dfi{x) 




dfi{B{x, t)) 



s-5 



Set 



Then the last expression can be written in the form 
C 



dfi{B{x,r)) dfi{x), C = C{A,s) 
djji{B{x, t)) 



Obviously, 



/ r l^H,{r)dH,{r)dfi{x) = ^ [ [ 
Jq Jo ''^ ^ Jq Jo 

IJ,{B{x,r)) 



HJr) 



+ is-6) 



/i(g(x,t)) 



dt. 



(3.5) 



(3.6) 



and by (13.41) we have 



lim 



HJr) 



0, lim 



HJr) 



r^O r 



/i-a. e. 



Thus, 



dH,{r) 



26 



dr < A5 



POD 


'/i(i3(x,r))" 


^ dr 


Jo 




r 



poo -| r 



dt 



(3.7) 



dr. 
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The first term in the right hand side of (13 .Tp is what we need. Let us estimate the second 
term. By the Cauchy-Bunyakovskii-Schwarz inequality, 



dt 



< 



dt ■ 



dt 



t 



i-s 



fi{B{x,t)) 



■ dt 



Applying integration by parts, we obtain the estimate 



f^iB{x,t)) 

fs-5+l 



1 2 



dt 



dr < 



5 Jo 



dt 1 dr 



fl-5 [ ^l+<5 



^2 I ^ 



/i(S(x,t)) 



dt 



1 

+ ^ 



n{B{x,r)) 



dr 
r 



According to (13. 4p . the substitution of limits gives zero. Thus, (see (13. 7p ) 



dH^jr) 



< C{s,5) 



POO 


'/i(i3(x,r))" 


^ dr 


Jo 




r 



□ 



Now (13. 5p yields (13. ip . and Theorem 13.11 is proved. 
Lemma 3.2. Suppose that y9 G $. Let 

ip{r) = inf ^(/?(ri)^/'. 



were s is the exponent in (12. ip . and the infimum is taken over all finite sequences {ri}, 
ri > 0, such that Yli^i — ^- "^he following statements hold. 

(i) The set of points x G W^, d>l, with the distance dist(a;,?/) = %Ij{\x — y\), is a metric 
space. 

(a) The kernel 

K^[x, y) = — 

\y - x\ v{\y - x\) 

is a CZ kernel in the metric space X defined above in (i) with the parameters s from (12.11) . 
6 = 1, and A = A{s). 

(Hi) The condition fi{B{x,r)) < (f{r) implies that fi{B{x,r)) < C{s)r'^, r > 0, where 
B{x,r) is a Euclidean ball, and B{x,r) is a ball in X. Conversely, if fi{B{x,r)) <r'^, r > 0, 
then fi{B{x,r)) < f{r). 



Proof, (i) We prove that 

Given r > 0, find r G (0, r] for which 



(3. 



mm 

0<t<r t 



The minimum is attained for some r G (r/2, r], because by (12. ip we have 

t > 0. 



2t 



t 



(3.9) 
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For every sequence {rj} with J2i ri = r we get 



2r 



2r 



and the first inequahty in fl3.8p is proved. The second one is trivial. 

Relations (13. 8p imply that dist(a;,?/) = <^==^ x = y. The definition of ip yields the 
property ip{a + b) < ip{a) + ip{b), a,b > 0. Hence, 

dist(x, z) = ip{\x — z\) < ip{\x — y\ + \y — z\) < dist(x, y) + dist(?/, z), 

and the part (i) is proved. 

(ii) The property f l2.7p with A = 1 easily follows from fl3.8p : 



\K^{x,y)\ 



1 1 

< 



ip{\y-x\) ilj{\y-x\y dist{x, yY 
To establish (12. 8 p we need the following property of 



< 



-, 0<ti<t2. 



t2 vihY'' 

Indeed, take the integer > for which 2^ti < ^2 < 2^+^ti. Then 



(3.10) 



t2 - ti 

Let X, x', y be such that dist(x, x') < | dist(x, y). Set a = x — y, b = x' — y. We have 

a 1 6 1 



\K^{x,y) -K^{x',y)\ 



< 



< 



< 



1 



\a\ v{\a\) \b\ m) 
a b 

R ~ R 

\a — b\ 



1 1 

a\~]b\ 



\b\ 



_^{\a\)^ ^{\a\M\b\) 



2\a-b\ 1 , ¥^'(OI«-fe| 



+ 



a\ ^(|a|) ¥.(|a|M|6|)' 



where ^ is a number between \a\ and \b\. Suppose that \a\ < \b\. If (p'(t) is nonincreasing 
then if'i^) < (p'{\a\) < ip{\a\)/\a\. Hence, 



\K^{x,y)-K^ix',y)\ < 
If f'{t) is nondecreasing, we have 



\a — b\ 



3\a-b\ 

M|a|) ' ^(|6|)J - H^M 



2 1 

+ 



< 



In this case 



1^1 



\K^{x,y)-K^{x\y)\<{2 + r 



\a — b\ 
\a\<^{\a\)' 
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From f l310|) and we get 

\a-b\ ^ 2^(|a-6|)i/^ 1 ^ 4V^(|a - 6|) _ 4 dist(x, x') 



\a\^{\a\) ^{\a\y/^ <^(|a|) H\a\Y+' dist(x, ' 

We consider the case \b\ < \a\ in the same way, taking into account that dist{x',y) < 
dist{x,y) < 2 dist(a;', I/). 

(iii) The last statements follow from the obvious relation B{x,r) = B{x,il!{r)). Let t = 

ipir). Then ii{B{x,t)) = ix{B(x,r)) < (f{r) < 2^'ip{r)'^ = 2^t^ . Conversely, fi{B(x,r)) = 

fi{B{x,t)) < = tplr)^ < ip{r). Lemma [3.21 is proved. □ 

We consider the quantity 

2p^{xi, X2, xs) : = 

Xa(2) - 1 a^a(3) " X^jl) 1 ^^^^ 

^ \Xa(2) - Xa{l) I ^i\Xa{2) - 3^^(1)1) 1x^(3) - Xa{l) \ ^i\Xai3) - X^ril)]) ' 

where xi,X2,X3 are given three distinct points in R'^ and the sum is taken over the six 
permutations of the set {1, 2, 3}. This quantity is an analog of Menger curvature [9]. It was 
observed in [15], p. 952, that one can define p^{xi,X2,X3) as the sum in fl3.1ip taken over 
only the three permutations (1,2,3), (2,3,1) and (3,1,2), since the other three permutations 
give the same terms in (13. ip . Later on we also will write x, y, z instead of Xi,X2, x^. 

Lemma 3.3. Let x,y,z be three distinct points in M."^, d > 1, and let (pit), t > 0, be an 
increasing function with ip{0) = 0. Set a = \y — x\, b = \z — y\ and c = \z — x\. If a > b > c, 
then 

p^{x,y,z) < ^ + . f ■ (3.12) 

Moreover, if <f{t) ^, if is concave, and s G (0, 1), then 

1 — 2^^^^ 

p^{x, y, z) > . (3.13) 

One can derive (12. 5p directly from (I3.12p . But we have Theorem 13.11 and Lemma 13.21 
Thus, we will not use fl3.12p in the sequel, and give the short proof of this inequality for 
completeness. 

Proof. Let a, /3, 7 be the angles opposite to sides a, b, c respectively. Since 

b^ + - ^ + - 6^ + b^ - 

cos a = ; , cos p = , cos 7 = ; , 

2bc 2ac 2ab 

we have 



p^{x,y,z) = [if (a) If (b) If (c)] ^ {(p (a) cos a + (p{b) cos l3 + ip (a) cos 'y) 

rh2 I ^2 ^2 ^2 I ^2 l2 ^2 I l2 ^21 



1 



MbMc) 



b^ + -a^ ^ (p{b) + -b^ ^ ip{c) + b^ 



be 'pi'^) o-c 'P>{o) cib 



(3.14) 
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Let US prove (13. 121) . 



1 



< 



MbMc) 

1 



MbMc) 
since a/2 < b < a and 



b (p{a) a 
2 ^ ip{c) 2a^ 
b v^(a) ab 



+ 



< 



2 ' 62 _ ^2- 



c VV^(a) ct 6/ ip{a) 
c 2 



ab 



+ 



bip{b)(p{c) ^ia)ip{b) 
(p{b) 1 1 _ b(p{b) - av9(a) ^ ^ 



y9(a) a 6 abip{a) 
To get the lower bound fl3.13p . we set u = b/a, v = c/a and write f l3.14p as 



1 



2uv(p{b)(p(c) 
1 

2uvip{b){p{c) 



V{b) 2n ,2 2^ , ^(c) 2/1 , 2 2^ 

U [1 + V — u ) -\ -—-v{l + u —V) 



Uip{a) 



u(p{a 

1 ) u'^{l + v^ -u^) + 



v(p{a) 



v(p{a) 



- 1 v\l + u^-v^) 



The expression in braces is equal to 

D := 2v? + 2v^ + 2m\2 - - t;^ - 1 

= 4t;2 - [(^2 _ ^2)2 _ 2(^2 _ ^2) ^ ^] ^ 4^2 _ (^2 _ ^2 _ 

= (1 + - + + + M - + f - 1) > 0. 

Set A = 2^^^ and consider two cases. 
Case 1. > (3 - A)/4. Then 

1 - A 



D> v2-\ 



Since ^{t)/t is nonincreasing, we have 



v{l-\). 



u(p{a) 
From fl3.15p we get 



- 1 



(f{b) if{a) 



ip{a] 



>0, 



vip{a] 



- 1 > 0. 



1-A 1-A 

> 



2y,ibMc) - 2^{aMb) • 
Case 2. w < (3 - A)/4. Then a > 4c/(3 - A). Hence, 



Vip{a) 
> 



- 1 



(f{c) ip{a) 



a J ip{a) 



> 



y.(c) y.(4c/(3 - A)) 



(^(c) <^{2c){3-X)\ a m f^{c) 2Av5(c)(3-A) 



4c 



ip{a) 



4c/(3 - A) J ifi{a) 
a 



4c 



ip{a) 



a ifjc) / A(3 - A) 
V9(a) c \ 2 



-(1-A)(2-A)>^(1-A). 



2f y9(a) 



2v(^{a) 



(3.15) 
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Now fl3.15p implies the estimate 

( ^ ^ ^^^^ n \^ > i - A 

Lemma 13.31 is proved. □ 

Proof of Theoremm (i) Obviously, D^^^Jix) = ^Hj;^(,)/(x) with K{x,y) = ^ 
Using the substitution r = ipit) and applying (13. ip . we get 




\m^,,,XQix)\'dfiix) < C 

Q JQ Jo 

(/i|g)(5(x,t)) 



{fi\Qmx,r)) 



— d^ix) 
r 



C 




df,{x) < I Wl^\'^{x) C = Cis); 



in the last inequality we use fl3.8p and integration by parts. 

(ii) We use the standard symmetrization arguments (see [10]). Fix e > and set 

U = {{x,y,z)e(R''f:\y 



1 > e, 


\z 


— x\ 


1 > e, 


\z 


— x\ 





U^ = {{x,y,z)e(R''f■.\y- 
Q = l(\Ui = {{x,y,z) e {R'^)^ : \y - x\> e, \z -x\> e, \z -y\> e}. 

Then 

m.mr-M^) =jji iZ\ : ^d/, m--) mv) m^) 

=:/i + /2. (3.16) 

The set Q is symmetric with respect to permutations of x, y, z. Hence, 

Ji = i p^^x, y, z) d^iz) d^iy) dfx{x). (3.17) 

For (x, y, z) G Wi, the angle between the vectors y — x and 2; — x is acute. Hence, the triple 
integral over Ui in f l3.16p is positive. The triple integral in f l3.17p is greater than or equal to 

p^(x, y, z) dn{z) dn{y) dn{x), 

where 

^2 = {{x, y, z) G (M*^)^ : \y - x\ > e, e < \z - x\ < \y ~ x\, \z -y\> s}. 

For triples {x,y,z) G ^2, the largest side length of the triangle x,y,z does not exceed 2\y — x\. 
According to fl3.13p . the last triple integral over Q2 is greater than 

1 - 2^"^ , , , 

— r-- r- dfi{z) dfi{y) dfi{x) 

\y-x\>s J z:{x,y,z)&2 '^K^W ^ " A) 

4-2^ jRdJ\y_^\y, (p^{\y-x\) 
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Set _ _ 

' ^x{B{x,\y - x\)\B{x,e)\B{y,e)) 



\y-x\> e, 



^{e,x,y)=\ f^i\y-x\) 

0, \y — x\ < e. 



X, y) =: e(0, x, as e -> 0, \y-x\> 0. 



Clearly, 



Hence, 

C(e,x):= / i{e,x,y)dn{y)= / ^{e,x,y) dfi{y) / ^{0,x,y) dfi{y) as e -> 0. 
Note that 

^ , . ^ u(B(x,t))du(B(x,t)) , . 

aO,x,y)dfi{y)= ^ ^ ' ^' = W^{x), x e M". 

Jo V^{t) ^ 

The first equality is obvious. If ^{B{x,t))/ip(t) y^- as t — )■ or/and t — )■ oo, then both 
parts of the last equality are infinite. If ^{B{x,t))/ip(t) — )■ as t — )■ and t — > oo, then we 
obtain this equality integrating by parts. We conclude that 



Cie, x)dfi{x) \ W!^{x)dii{x), 
and the proof of Theorem 12.31 is completed. □ 



4. Proof of Theorems 12.41 and 12.51 

To avoid the revision of the proof of the nonhomogeneous Tl and Th theorems given by 
Nazarov, Treil and Volberg in [11], [13], as well as their generalization [7], we will follow the 
arguments from [4], namely the second approach to Theorem 2.6 in [4]. But we will prove 
a weaker assertion than Tl theorem: we assume that (12. 9p holds for all measurable sets Q, 
not only for cubes. 



Proof of Theorem 2^. The first step is the passage from the trancated operators 9^^^ (which 
are not operators with CZ kernels) to similar operators, but with CZ kernels. Let 0(t), t > 0, 
be a function such that 0(t) = as < t < 1, (j){t) = 1 as t > 2, and < (p'{t) <2, t>0. 
Let (psit) := 0(|). We prove that if K{x,y) is a CZ kernel with constants A,s,S, then 

Keix,y) := (j)s{dist{x,y))K{x,y) 

is a CZ kernel with constants 9A, s, S. Indeed, the validity of (12. 7p for with the same 
constant A is obvious. To prove that 



\K,{x,y) - K,{x',y)\ < 9A ZT1:^s (4-1) 



dist(x, x'^^ 
dist(x, y)' 

whenever dist(x,a;') < |dist(x,?/), we may assume that for at least one point x or x' (say, 
for x'), dist{x',y) < 2e (otherwise (14. ip follows from (12. 8p ). Then 

dist(a;, y) < dist(x', y) + dist(a;', x) < 2e + ^ dist(a;, y). 
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Hence, dist{x,y) < As. We have 
\Ke{x,y) - Ke{x\y)\ 

< |0,(dist(x,i/)) -0e(dist(x',i/))| ■ \K{x,y)\ + |0,(dist(x', y))| ■ \K{x,y) - K{x\y)\ 

< - 1 dist(x, y) - dist (a;', y) \ ■ \K{x, y) \ + A^!^^^^^ 
e dist(x, 

2, , dist(x,x')'' 2Adist(a;,x') , distfxjx')"^ 



e ' ' dist(x, ?/)'*+'^ e dist(x, T/)"* dist(x, ?/) 



< 



dist(x, yY 



8dist(x,a;') /'dist(x,x' 



+ 



dist(x,|/) \dist(x,?/) 



< 9A 



dist(x, X' 
dist{x,y)^'^^ ' 



and we get fl4.ll) . In the case dist{x,y) < 2e we have bA instead of 9A. The proof of the 
analogous estimate for \Ke{y,x) — Ki;{ii,x')\ is essentially the same. Set 

^^J{x) = J K,{x,y)f{y)dix{y), f E L^fx), e > 0, 
9^^J(x)=sup|^^,/(x)|. 

e>0 

We denote by R^^ the corresponding modified s-Riesz transform of a finite Borel measure u: 

RU^)= [ K,{x,y)du{y). 



The rest of the proof is the same as in [4], starting from inequality (3.11) in [4] until the 
end of proof of Lemma 3.4 with the following minor corrections. All constants C and Cq 
now depend on CZ constants of the kernel (instead of d, s in [4]). The reference [21, Lemma 
2.1] after equality (3.12) in [4] should be replaced with [21, Lemma 3.1] (in fact, this is a 
misprint). Finally, the only place where the specific character of the Euclidean metric and of 
the Riesz kernel is used, is the following simple statement in the proof of Lemma 3.4 in [4]. 
For given f E L^{ri), e > 0, t > 0, one can approximate f drj hy a. measure u of the form 
z/ = '^jLiOij6y^, M G N+, aj G M, in such a way that ||z/|| < ||/||Li(,y), and 

mlf{x)\>t}c{\R^^,{x)\>lt}. (4.2) 

One can easily prove this assertion without the notion of cubes (we do not have it in metric 
spaces in general), and without equicontinuity. With this end in view we choose e' G (0, e/4) 
in the following way: 

\K,ix, y) - K^ix, y') \ < (4.3) 

whenever dist(y,?/') < e', x E X. It is possible because 

\T^( \ 'M ^ 9Adist(y,yO'^ ^ A'dist{y,y'Y e 
mx,y)-K{x,y)\ < < —^s ' ciist(,,,) < - 

(we recall that K^{x, y) = as dist(x, y) < e). Let {yi} be a countable everywhere dense sub- 
set of A". Obviously, [j,B{y„e') = X. Set Qi = B{yi,e'), Qk = B{yk,e')\[j':zl B{yi,e'), k = 
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2, . . . (possibly, Qk = 0), and take = /g^ / drj. Then QiHQj 0, i j, and [j- Qi = X. 
Using (14.31) we have 



oo „ 

V/ \K,{x,y)-K.^{x,y,)\\f{y)\dr^{y)< 

i=i Jq^ 



t 

4' 



There is M G N4. such that 



00 „ . 00 „ 

J2 / \K,{x,y,)\\f{y)\dviy)<- E / ^^(l/) < |, ^ ^ A'. 



i=M+l 



Thus, 



\Kefi^)-<ei^)\< 1 + 1 = 1-^ 



and we obtain (14. 2p . This estimate and the inequahty (3.17) in [4] imply that 

tvmlf{x)\ >t}< H{\R^,,{x)\ > |}) < 2C\\u\\ < 2C||/|Ui(,), 

and we obtain (3.16) in [4]. Now we complete the proof of Lemma 3.4 exactly as in [4]. 
Theorem 12.41 follows directly from this Lemma 3.4 and Theorem 10.1 in [12]. □ 

Proof of Theorem \2.5[ (i) The estimate (12. lip is a corollary of Theorems 13.11 and 12. 4[ and 
its proof is a repetition of the arguments in [4] . Without loss of generality we assume that 



S := 



sup 



POO 


Xi3(x,r))" 


^ dr 


Jo 




r 



Otherwise (13.20 becomes trivial. We consider the measure 

7] := (2sS)-^/V 

Since for every x G supp fi and r > 0, 



S > 



POO 


'ix{B{x,t)y 


^ dt 


Jo 




T 



2sr 



2s 



we see that G S^- From (13. ip we deduce 

\\KsXQ\\hi,\Q) = i^ssr'^'\\m^,sXQ\\W\Q) < c"s-vv(g) = C'viQ), 

where C" = C"{A, s, 6). Thus, we are under the conditions of Theorem 12.41 By (I2.10p . 



l^^ellL2(;j)^L2(^) 



(2sS)||9^5lli.(,)^^.(,)<CS, e>0. 



The desired estimate (12. lip follows immediately from this inequality, 
(ii) The second part of Theorem 12.51 is a direct consequence of (12.61) . 



□ 
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5. Relations between capacities 
Proof of Theorem \2.(A 1. We start with the inequahty 

lK,oj>{E) < C^K,.iE). (5.1) 

Our arguments are similar to those in the proofs of Theorems 5.3 and 5.16 [17, p. 29-30, 
47]. Let /i be a measure participating in fl2.13p . By [13, Theorem 2.1] or [17, Theorem 5.13] 
there exist absolute constants a > 0, D > 0, and a function h such that 

0</i<l, hdn>afi{E), < ^• 

Je 

In spite of the fact that Nazarov, Treil and Volberg formulate this result for the Euclidean 
space, their proof works in our case without any changes. For / G L^{^i) set 



M/(a:):=sup ^ [ 



r>o /i(S(a;,3r)) 
The Cotlar type inequality (see [12, Theorem 7.1]) 

^^,Mx) < C'M{dK^h{x)) + C"[M(|/^^(x)]^/^ x G supp/i, 
yields the estimate 



^J*/i(x) < C, X G supp /i. (5.2) 

Here the constants C", C", C depend only on the CZ parameters A, s, S of K. 
The next step is to prove that 

^^,Mx) < C for any a; G ;f (5.3) 

with another C = C{A,s,6). Choose e > and x E X \ supp /x. If supp /i C B{x,e) then 
9i^^/i(x) = 0. Otherwise we set 

r = inf {dist(x, y) : y & supp fi \ B{x, e)} = dist(x, z) > 0, ^ G supp /i. 

We have 

' ^ \Kix, y) - K{z, y)\h{y) dfiiy) + iDl'^.M^)]. 



< 



K{x,y)h{y) djiiy) 

B{z,2r)\B{x,r) 



'X\B(z,2r) 

The first term is bounded since \K{x, y)\ < Ar""* as r < dist(a;, ?/), and ii G S^. The last one 
is bounded by 05.21) since z G supp /i. Finally, 



L 



r dist(x,2)'^ 



\K{x,y) - K{z,y)\h{y)d^i{y) < Aj dist(^ yY+^ ^^^^^ 



X\B{z,2r) JX\B{z,2r) 

roo 5 roo Sfs Jf 

= ^ T;:^dfi{B{z,t))<A{s + 6) —^ = C{A,s,6), 

J2r J2r ^ 

and we obtain (15. 3p . Define the measure a by the equality da{x) = Ci^h(x) dn{x), where 
Ci = max(C, 1) (C is the constant in (ESI)). Then a G S„ and by (ED, ^a,*'^{x) < 1, 
X G A*. Thus, cr participates in (I2.13p . Hence, 

'jK,*iE) > \\a\\ = J h dfi > aifx{E), ai = ai{A, s, 5) > 0, 
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and we get (15.11) with C = a^^. Note that we did not use here that X is geometrically 
doubling. 

2. Now we prove the inverse inequality 

7kAE) < C-fK,opiE). (5.4) 

Choose a measure /x participating in fl2.14p . and fix e > 0. Clearly, fH^^l(x) < 1, but SH^^ 
is not an operator with a CZ kernel. Again as in the proof of Theorem 12.41 we consider 
the same function (f)(t) and the operator SH^^ with the CZ kernel K^{x,y). For /i G and 
/ G L^ifi) we have 

\m^J{x) - m;^J{x)\ < CM fix), xeX, (5.5) 

where C depends on the CZ parameters of K. In particular, for /(x) = 1, (15.51) implies the 
estimate 

|^^,l(x)|<C, xeX. (5.6) 

Now we apply the nonhomogeneous Tb theorem [6, Theorem 2.10] in the particular case 
6i = 62 = 1. According to this theorem, 

m^jLH,)-.LH,) < Cm^jBMou,) +P + 1), (5.7) 

where C depends on the doubling constant and on the CZ parameters of K,, (these 
parameters are independent of e\). Furthermore, P is the smallest (or "almost smallest") 
constant such that |(5^^eXQ5 Xq)I ^ PfJ'i^Q) ^^i all balls Q and for some fixed constant 
A > 1. Here {f,g) = f fgdfi. Since the kernel is antisymmetric, {^^,sXq^Xq) = for 
any measurable set Q. Hence, P = 0. Moreover, by (15.61) the BMO-norm in (15.71) is bounded 
by a constant depending only on A, s, 6. Thus, 

II^^.IIl2(/.)->l2(/.) <C, C = C{N,A,s,6). 

The maximal operator M is bounded on L'^ifJ^) - see [12, Lemma 3.1]. Hence, the operators 
fH^^ and 9^^^ are bounded simultaneously, and their norms differ at most by C. Thus, 

\\K,ehH,)^L^M <C, C = C{N,A,s,5) 

(note that C is independent of e). We conclude that C~V participates in (12.131) . So, we 
have (15. 4p . and Theorem 12.61 is proved. □ 

Lemma 5.1. Let fi E 11^ with ip satisfying (I2.16p . Then 

< ll^^l||oo + C, xgM^ C = C{s,^). (5.8) 

Proof. The idea of proof is not new - see [16, Lemma 2] or [17, p. 47]. Note that (12.160 
implies the existence of 9^^1(a:) almost everywhere in with respect to Lebesgue measure. 
We may assume that ||9^^1(x)||oo < 00 (otherwise (15. 8p is trivial). Fix e > and x G W^. 
Let be Lebesque measure in R'^, and let ei > be such that V'(^i) = IV'(^)) where ip is 
the function defined in Lemma 13.21 Consider the mean value integral 



ttd^f JB(x,e^) JB{x,e) VilV - z\) aasf J B{x,e) Jo f{t) 
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where is the Lebesque measure of the unit ball in M.^. Hence, there is a point z E B{x, ei) 



such that 19^^1(^)1 < ||5H)^l||oo, and 



B{x,e) Vi\y-z\) 



<Co. 



We have 



/ 



<m^^l\\oo+ [ \K^{x,y)-K^iz,y)\dixiy)+ [ \K^iz,y)\dM. 

JM.'i\B{x,e) J B{x,e) 

Since il){\x — z\) < il){ei) = ^il>{e) < ^i/j^x — yl), y G M.'^\B{x, e), we may apply the property 
(12. 8 p of (see the part (ii) of Lemma [3^ . Using (13. 8p and integrating by parts, we get 

\K^{x,y)~K^{z,y)\df,{y)<C{s) [ 

yB(x,e) jRd\B{x,e) <^(k - ^1)^+^/" 

Thus, we have (15. Sp . and Lemma [5.11 is proved. □ 

Proof of Theorem \2. ?[ We start with the first inequality in (I2.17p . Let /i be a measure 
participating in (I2.14p . Then |£H^l(x)| < 1 C^-a.. e. in W^. Moreover, C (see the part 
(iii) of Lemma |3T2|) . Thus, fi participates in the definition of 7^^+ (see Section 1), and we 
have the desired inequality. 

The second inequality in (I2.17P is a direct consequence of Lemma 15.11 □ 

6. Proof of Theorem 12.11 and Corollary 12.21 

We prove a stronger assertion than the first part of Theorem 12.11 

Theorem 6.1. Let X be a compact Hausdorff geometrically doubling metric space, and let 
K be an antisymmetric CZ kernel. Then for every bounded closed set E d X , 

-1/2 



lK,*{^) > C sup ll/i 



1 3/2 



W^{x) dj^ix) 



X 



(6.1) 



where the supremum is taken over all positive Radon measures supported by E, and c depends 
only on the parameters of K and on N . 

Proof. In fact, the proof is a minor and obvious modification of the arguments in the proof 
of Theorem 2.7 in [4]. Namely, one should replace 75^+ with 7^,*, and use (I2.15P instead of 
(10.2) in [4]. We omit details. ' ' □ 

Proof of Theorem \2.1\ Since '^y^p^+{E) > 'yK^,*{E), the first part is a corollary of Theorem 16. II 
To prove the second part, we rewrite (I2.13P in the form 

'y^,op{E) = sup{x||;u|| : X > 0, x/i G S^, supp/i C E, < 1}. (6.2) 

For any x and /i participating in the right hand side of (16. 2p we have 

IIpII 



20 

Hence, 

x<C||/x||i/2 
From (16. 2 p we obtain the estimate 
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-1/2 



C = Cis). 



jy,,op{E) = supx||/i|| < Csup ll/i 



|3/2 



-1/2 



To deduce (12.31) from this estimate and from (I2.15p . (12.171) . we have to check only that the 
conditions on ip imply (I2.16p . Indeed, 



' t'^-i dt ^ r'"- t"-' dt 2-'^V^ 



^{t) 



E 

i=0 

< 



i=0 



r 



C{d,s] 



j=0 



Theorem 12.11 is proved. 



□ 



Proof of Corollary \KM The proof is based on the following inequality of Wolff, see [1, p. 109, 
Theorem 4.5.2]: for 1 < p < oo, ap < d, 



|G'a*/i||p' ~ 



V t'^- 



ap 



W ^i{B{x,t)) V'^dt 



Take a = ^d, p = |. Then p' = 3, d — ap = 0, and 



Clearly, 



i ( 



W^r, 3 {x) 



(6.3) 



(6.4) 



^(5(x,t))2(^log^^ ^ 



-1/2 



1 r 
2/0 



-3/2 



/i(5(a;,t))' 



,dt 



Since diam(i?) < 1, we may cover E by at most N = N{d) balls of radius |e"^/^ Let S' be 
the ball with maximal measure. Then 

fi{B{x,t)y — dfi{x) > / / fi{B{x,t)y — d^{x) 
i Jb' Jo t 

>^^{B'f>c{d)M'■ 

Using this inequality we obtain the following estimates: 

,dip{t)' 



(6.5) 



Vr^(x) rf/i(x) < 



^(t) = 



dij,{x) 



R'' Jo 



-3/2 



^ 3 o El, 1(631 

M5(x,t))2-d/i(x) + -||/if < C(rf) / iyr,3(x)rf/i(a^). 



SINGULAR OPERATORS WITH ANTISYMMETRIC KERNELS 



21 



On the other hand, 

wl,,{x)d^l{x)< 



-3/2 



^ dt 

-3/2 t 



d^{x) 



<C'{d) / W^{x)d^{x). 



Thus, 



iyr.3(x)rf;u(a;) 

3"' 2 



Choose /i for which 



W^{x)d^^{x). 

3/2 



(6.6) 



C2,j(E)<2||/if/2||^^^^^||- 
By dMl) and ([HI]) we have 

To prove the inverse inequahty we note that (p{t) satisfies the conditions (ii) of Theorem l2.1[ 
By fl2.3p there is a measure e M+(£') for which 



where C is the constant in fl2.3p . Then 



W!t{x)d^^{x) 



-1/2 



%|W>llff'^l|G|.*Hl3"''^IIHP'^ 

and the proof is completed. 



wi;{x)d^{x) 



-1/2 



□ 
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